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Abstract
We present simple models of N=4 supersymmetric mechanics with ordinary and mirror
linear (4, 4, 0) multiplets that give a transparent description of HKT, CKT, and OKT
geometries. These models are treated in the N=4 and N=2 superfield approaches, as
well as in the component approach. Our study makes manifest that the CKT and OKT
supersymmetric sigma models are distinguished from the more simple HKT models by
the presence of extra holomorphic torsions in the supercharges.
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1 Introduction
1.1 SQM models and geometry
It is known since [1] that supersymmetric quantum mechanical (SQM) sigma models describ-
ing the motion of a supersymmetric particle on a curved manifold can be mapped to certain
geometrical structures referred to as complexes. This nice mathematical interpretation of these
models, combined with their use in a more physical context, e.g., with the fact that they give
rise to the effective theories of black holes (see, for example, [2, 3, 4, 5, 6] and relevant refer-
ences), make them an interesting subject for the intensive study which lasts for more than 30
years.
The simplest such model involving D real (1, 2, 1) multiplets Xµ 1 and the action
S = −1
2
∫
dtdθ¯dθ gµν(X)DX
µD¯Xν (1.1)
(with gµν = gνµ) corresponds to the de Rham complex. Another basic model involves d complex
chiral (2, 2, 0) multiplets Zj (D¯Zj = 0), has the action [8, 9]
S = −1
4
∫
dtd2θ hjk¯(Z, Z¯)DZ
jD¯Z¯ k¯ , (1.2)
and describes the Dolbeault complex. These models possess the simplest N = 2 supersymme-
try 2.
The action (1.1) can be generalized to include an extra potential [1] and/or torsions [10,
11]. An analogous generalization of the action (1.2) includes extra gauge fields [8, 9] and/or
holomorphic torsions [8, 11]. Gauge fields are described by the superfield Wess-Zumino term
Sgauge =
∫
dtd2θW (Zj, Z¯j) . (1.3)
The Dolbeault models with holomorphic torsions are obtained when one adds to the action
(1.2) the terms
∆S ∼
∫
dtd2θBjkDZjDZk + c.c. (1.4)
with complex antisymmetric Bjk. The holomorphic exterior derivative of the 2-form B gives
the holomorphic torsion 3-form.
In certain cases, the models (1.1), (1.2) and their generalizations enjoy extended supersym-
metries. It is well known, e.g., that the N = 2 supersymmetry of the real sigma model (1.1)
can be extended to N = 4 if the manifold is Ka¨hler [12] and to N = 8 if the manifold is
hyper-Ka¨hler [13]. The emerging mathematical constructions can be called Ka¨hler - de Rham
complex and hyper-Ka¨hler - de Rham complex.
Likewise, the supersymmetry of the complex model (1.2) can be extended to N = 4 when
the metric is hyper-Ka¨hler or has the so called HKT form [14, 15, 8, 16]. It was also noted in
1We follow the notation of [7] such that the numerals count the numbers of the physical bosonic, physical
fermionic and auxiliary bosonic fields.
2N counts the number of real supercharges.
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[14, 15, 8] that complex sigma models admit an extended N=4 supersymmetry for a geometry
more general than HKT. This geometry with certain relaxed (compared to HKT) conditions
for complex structures has been termed CKT in [8]. For some special CKT metrics (the so
called OKT metrics), the models enjoying extended N = 8 supersymmetry can be written.
Before explaining (we will do it shortly) what exactly HKT, CKT and OKT mean, let
us say a few words about terminology. The abbreviation HKT stands for the Hyper-Ka¨hler
with Torsions geometry. It is worth mentioning that, generically, the HKT manifolds are not
hyper-Ka¨hler and not even Ka¨hler. Their characteristic feature is the presence of three complex
structures which form a quaternion algebra and are covariantly constant with respect to the
appropriate connection with torsion. Likewise, CKT means Clifford Ka¨hler with Torsions.
This geometry is characterized by three complex structures which form the Clifford algebra
but, in general, not the quaternion one. Finally, OKT (Octonionic Ka¨hler with Torsions)
manifolds are the manifolds of a dimension which is an integer multiple of 8, such that their
geometry involves seven different complex structures forming the 7D Clifford algebra. These
structures reveal some relation to the octonion algebra, though do not satisfy it. Neither CKT
nor OKT manifolds are Ka¨hler. Despite this mismatch (and the similar one for the generic
HKT manifolds), we will follow the established literature tradition and use the names HKT,
CKT and OKT for the considered type of geometries.
The HKT geometry introduced in [14, 15] is by now well understood by mathematicians
[17]. This could not be really said, however, about the CKT and OKT geometries. One of the
aims of our paper is to treat in detail some simple particular examples of the CKT and OKT
manifolds to make more transparent their mathematical structure.
1.2 Overview of definitions and motivations
Before proceeding with explicit calculations, let us make some preliminary remarks elucidating
the geometric structures encoded in the HKT, CKT, and OKT SQM models and explaining
why these models are worthy to study.
The mathematical definition of the HKT geometry is the following [17].
HKT manifold is a manifold of dimension D = 4n involving three different integrable 3
antisymmetric complex structures (Ia)µν = −(Ia)νµ which satisfy the quaternion algebra
(Ia) λµ (I
b) νλ = −δabδνµ + ǫabc(Ic) νµ . (1.6)
The standard torsionless Levi-Civita covariant derivatives of the complex structures ∇λIa do
not necessarily vanish (if they do, this is a hyper-Ka¨hler manifold). However, for any complex
structure I, one can always define a class of torsionful affine connections with respect to which
both the metric and this complex structure are covariantly constant, ∇˜λgµν = ∇˜λ(I)µν = 0. If
we also require the torsion tensor Cµνλ to be totally antisymmetric, such connection is unique
3Integrable means that complex coordinates can be introduced such that the metric has a Hermitian form
ds2 = 2hjk¯dz
jdz¯k¯. This is possible when the Nijenhuis tensor vanishes. The latter condition can be written as
∂[µ(I
a) λν] = (I
a) σµ (I
a) ρν ∂[σ(I
a) λρ] , (1.5)
where one can equivalently put the Levi-Civita covariant derivatives in place of the usual ones. When (1.5)
holds, the holomorphic exterior derivatives associated with the complex structures Ia are nilpotent and can be
interpreted as supercharges.
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and is called Bismut connection [18]. In what follows, we will denote the torsion entering the
Bismut connection as Bµνλ. The explicit expression of the Bismut torsion tensor for the complex
structure I is [8]
Bµνλ = I
α
µ I
β
ν I
γ
λ (∇αIβγ +∇βIγα +∇γIαβ) = −
(
I αµ ∇αIνλ + I αν ∇αIλµ + I αλ ∇αIµν
)
, (1.7)
where ∇α are the Levi-Civita covariant derivatives. This representation for Bµνλ can be directly
derived from the condition of the covariant constancy for I and gµν with the Bismut connection.
Note that the (anti)holomorphic projections of the tensor (1.7) vanish,
(P±) αµ (P
±) βν (P
±) γλ Bαβγ = 0 (1.8)
with (P±) αµ = (δ
α
µ ± iI αµ )/2. Equivalently, this property can be formulated in terms of the
tensor Hµνλ(C, I) defined as
Hµνλ(C, I) :=
1
4
(
Cµνλ − I ρµ I σν Cρσλ − I ρλ I σµ Cρσν − I ρν I σλ Cρσµ
)
. (1.9)
Then eqs. (1.8) amount to the condition
Hµνλ(B, I) = 0 . (1.10)
The origin of the coefficient 1/4 in the definition of Hµνλ(C, I) will be explained in Sect. 4.5;
it ensures the projector-like property Hµνλ(H, I) = Hµνλ .
For an HKT manifold, the Bismut connections for all three structures Ia coincide and the
covariant constancy condition can be written as
∇˜λIaµ ν = 0 . (1.11)
One can then define derivatives holomorphic with respect to these complex structures and
twisted by the presence of some particular extra gauge fields. These objects can be shown to
satisfy the N = 4, d = 1 superalgebra [17].
A CKT manifold is a manifold with three antisymmetric integrable complex structures,
which do not necessarily satisfy the quaternion algebra (1.6). They are required, however, to
form the Clifford algebra
IaIb + IbIa = −2δab . (1.12)
Further, an affine connection with the totally antisymmetric torsion tensor is required to exist,
such that the complex structures satisfy the conditions which are weaker than (1.11):
∇˜(λIaµ)ν = 0 , (1.13)
where ( ) means symmetrization of the indices λ, µ .
In order that the supercharges associated with the complex structures Ia form the super-
symmetry algebra, two additional requirements are needed. First, the Nijenhuis concomitants
1
2
N(a, b)λµν =
{
(Ia) σ[µ ∂σ(I
b) λν] − ∂[µ(Ib) σν] (Ia) λσ
}
+ (a↔ b) (1.14)
should vanish,
N(a, b)λµν = 0 . (1.15)
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Second, the torsion tensor should satisfy the relation
(Ia)τ [µ∂|τ |Cνλρ] = (Ia)τ [µ∂νCλρ]τ + 2Cτ [µν∂λ(Ia)τ ρ], (1.16)
which can be concisely rewritten as [15, 8]
ιadC =
2
3
d(ιaC) . (1.17)
The operator ιa acts on a generic n-form ω according to the rule:
if ω =
1
n!
ωµ1...µndx
µ1 ∧ · · · ∧ dxµn ,
then ιaω =
1
(n− 1)!ων[µ2...µn−1(I
a)νµ1] .dx
µ1 ∧ · · · ∧ dxµn . (1.18)
For a form ωp,q with p holomorphic (with respect to the complex structure I
a) and q antiholo-
morphic indices, the action of ιa is reduced to the multiplication by i(p− q).
An OKT manifold is a manifold with seven integrable complex structures which satisfy the
Clifford algebra and all the additional conditions listed above.
This definition of the CKT and OKT manifolds, though being of general use, looks less
transparent and geometrical as compared, e.g., with that of the HKT manifolds which involves,
as the main condition, the coincidence of the Bismut connections for all three relevant complex
structures. In Sect. 5 we will suggest another equivalent definition of the CKT and OKT
manifolds based on a generalization of this coincidence condition.
A comment is to the point here. Given three complex structures Ia satisfying the Clifford
algebra (1.12), one can find, in its enveloping algebra, other triplets of complex structures
forming the quaternion algebra (1.6) [15, 8]. For instance, the tensors
Ja =
1
2
ǫabcIbIc (1.19)
form the quaternion algebra (1.6) and one might think that they define some HKT geometry.
This is not so, however, since there exists no connection with respect to which Ja would be
covariantly constant (since no such a connection exists for Ia in the CKT case).
It was shown in Ref. [19] that the most general target HKT geometry is reproduced in the
framework of the superfield approach which is natural for physicists. In a generic case, one
should use [20] the harmonic superspace approach [21], but a wide class of the HKT metrics
can be also obtained from an ordinary extended superspace action describing the interactions of
several linear root (4, 4, 0) multiplets of one sort 4. It was also demonstrated in [19] thatN = 4
sigma models with more general CKT target geometry arise, when simultaneously including
the so called “mirror” (4, 4, 0) multiplets, which have slightly different transformation laws
under the N = 4 supersymmetry. Thus, the minimal dimension of the bosonic target space
4 The multiplet (4, 4, 0) is sometimes called root [22] because many other N = 4, d = 1 multiplets can
be obtained from it in the framework of the Hamiltonian reduction procedure [23] (or its Lagrangian version
based on gauging some bosonic isometries [24]). For a detailed discussion, see recent [25]. Nonlinear (4, 4, 0)
multiplets subject to some nonlinear constraints were defined and studied in [19]. Though they are necessary
for constructing the general class of HKT N = 4, d = 1 sigma models (including HK models as a subclass), we
will not come to grips with this issue here.
4
of a CKT model is eight. The corresponding general Lagrangian involving both types of the
root multiplets was constructed in [19] in terms of N = 2 superfields. However, neither explicit
component examples of the CKT systems, nor the relevant classical and quantum No¨ther
supercharges, were given there. On the other hand, the superfield and component Lagrangians
for a particular subclass of N = 4, d = 1 sigma models with the set of two mutually mirror
linear (4, 4, 0) multiplets were earlier constructed in [26]. It was further shown there, that,
under certain restrictions on the superfield Lagrangian, this system possesses an extended
N = 8 supersymmetry [27, 28, 29], providing an example of the OKT geometry. To better
understand the interplay between HKT, CKT and OKT geometries, one has to further elaborate
on these Lagrangians at the component level, to study the structure of the corresponding No¨ther
supercharges and to finally find out how the differences between various target geometries
manifest themselves within this setting.
This is the basic purpose of the present paper. To understand the difference between various
geometries, we consider, in parallel with the model based on two mutually mirror (4, 4, 0)
multiplets, also the system with two (4, 4, 0) multiplets of the same kind. We will explicitly
show how the CKT structures arise in the first case, while the second system brings about the
more familiar HKT geometry.
The pretty simple models with N = 4 supersymmetry we are going to study here could
also have a quite nice physical interpretation. The bosonic target dimension of these N = 4
models is eight and they can be constructed through switching on the appropriate mutual
interaction between two four-dimensional systems with HKT geometry. Since the latter models
are known to describe the moduli space of five-dimensional black holes with preservation of
1/4 supersymmetry [15], the systems considered in the present paper can be interpreted as
describing moduli space of two interacting (in principle, non-identical) black holes, like as in
ref. [6].
1.3 Supercharges in the (4, 4, 0) SQM systems: a brief account
Before giving the detailed exposition, here we explain the origin of different supersymmetric
structures in general terms, without writing explicit formulas.
While considering these (4, 4, 0) multiplets separately, we have two sets of supersymmetry
generators: a set with the generators Q(1) and Q
a
(1) (where a = 1, 2, 3) for one multiplet and
a set Q(2) and Q
a
(2) for another multiplet
5. Both sets (Q(1), Q
a
(1)) and (Q(2), Q
a
(2)) form the
N = 4 superalgebra on their own and correspond to the HKT geometry.
Consider now a system involving both multiplets. At the first step, we may consider the free
case. Though it is almost trivial, the origin of different types of geometries in the considered
system can be understood already in this setting. Indeed, the root multiplets do not involve
auxiliary components. As a consequence, all supersymmetry transformations for the linear
multiplets are the same in both the free case and the interaction case. We observe the following
supersymmetries :
• Supersymmetry generated by
Q = Q(1) +Q(2) ; (1.20)
5For the reason to become clear later, we keep manifest the diagonal SU(2) in the product of two independent
SU(2) automorphism groups of N = 4, d = 1 super Poincare´ algebra. Respectively, the supercharges are divided
into the singlet and triplet parts with respect to this explicit SU(2).
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• Supersymmetry with the generators
Sa = Qa(1) +Q
a
(2) ; (1.21)
• Supersymmetry generated by
Qa = Qa(1) −Qa(2) ; (1.22)
• A hidden N=4 supersymmetry generated by certain supercharges
Q˜ , Q˜a (1.23)
to be specified later. The supersymmetry (1.23) mixes component fields from two different
multiplets.
We may depict all these supersymmetry algebras and their links to the different target
geometries in the following way 6
N=4 (HKT)︷ ︸︸ ︷
Sa Q Qa︸ ︷︷ ︸
N=4 (CKT)
Q˜ Q˜a
︸ ︷︷ ︸
N=8 (OKT)
. (1.24)
Notice now that each supercharge in (1.21), (1.22), and (1.23) corresponds to some particular
complex structure. We will see that the structures corresponding to (1.21) form the quaternionic
algebra (1.6), while the structures corresponding to (1.22) do not satisfy (1.6), but only (1.12).
Thus, the supercharges (1.21) are related to the HKT geometry while the supercharges (1.22)
— to the CKT one.
For sure, in the non-interacting case, the metric is flat and the geometry is trivial. Still,
the distinction between (1.21) and (1.22) that we observed helps to understand what happens
when the interaction between two N=4 multiplets is switched on. Actually, in an interacting
system, only a part of the supersymmetries (1.24) survives. Which part — it depends. In
the case of two N=4 multiplets of the same kind, there remains only N=4 supersymmetry
with the generators Q, Sa revealing the target HKT geometry. In the case when one such
N=4 multiplet interacts with the mirror one, we are left with the N=4 supersymmetry with
the generators Q, Qa and encounter the CKT geometry. In some cases, the supersymmetry
involving both (1.22) and (1.23) persists, and this is the OKT geometry.
1.4 Plan
The paper is organized as follows.
In Sect. 2 we give the supersymmetric description of N=4 (4, 4, 0) multiplets, ordinary and
mirror. We pass to the real component fields, which makes the picture more transparent.
In Sect. 3, we make precise the picture (1.24) discussed above. To this end, we consider
the systems with two non-interacting root multiplets, of the same type and of different types.
6There is also the supersymmetry S = Q(1) − Q(2) missing in the list above. But it is specific for the flat
model whereas the structures (1.24) may survive, as we will see later, in interacting case.
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The component Lagrangians in these two cases are the same, but the realizations of N = 4
supersymmetry are different.
In Sect. 4, we consider nontrivial interacting models with two multiplets. We start with the
model involving two ordinary multiplets and describing an HKT sigma-model. But our main
goal is to describe the system with two mutually mirror multiplets generating the CKT geom-
etry. In particular, we rewrite this model in terms of N=2 superfields and find that the CKT
models provide a particular example ofN=2 superfield systems with external (anti)holomorphic
torsions which were considered in [11]. In contrast to HKT models, such models do not possess
conserved fermion charges. We also show in which way, for certain special CKT models with
conformally flat 8-dimensional metric, the N = 4 supersymmetry can be extended to N = 8 .
This provides a nontrivial example of OKT geometry.
In Sect. 5, we construct the quantum supercharges for the models discussed in the preceding
Sections and demonstrate how this construction can be extended to a generic case of the CKT
models. This allows us to give a new geometric definition of the CKT (OKT) manifolds.
In Sect. 6, some specific examples of 8-dimensional CKT and OKT manifolds are discussed.
Sect. 7 is reserved for some concluding remarks.
2 (4, 4, 0) multiplets
2.1 Ordinary (4, 4, 0) multiplet
We will use theN=4 superspace with the coordinates (t, θik′), (θik′) = −ǫijǫk′l′θjl′ ≡ −θk′j. The
indices i = 1, 2 and k′ = 1, 2 are doublet indices of the SUL(2) and SUR(2) groups respectively,
which form the full automorphism group SO(4) = SUL(2)× SUR(2) of the N=4 superalgebra.
Covariant derivatives are
Dik
′
=
∂
∂θk′i
+ iθik
′
∂t . (2.1)
The linear (4, 4, 0) multiplet is described by the (pseudo)real superfield X iα(t, θ), (X iα) =
−ǫijǫαβXjβ ≡ Xαi, subject to the constraints
D(ij
′
Xk)α = 0 (2.2)
(symmetrized over i ↔ k), where the index α = 1, 2 is transformed by the additional Pauli-
Gu¨rsey SU(2) group commuting with N=4 supersymmetry transformations.
The solution of the off-shell constraints (2.2) reads
X iα = xiα − θik′χαk′ + iθik
′
θk′kx˙
kα − i
3
θii
′
θi′kθ
kk′χ˙αk′ − 112 θkk
′
θk′jθ
ji′θi′k x¨
iα, (2.3)
and so it encompasses four real bosonic component fields (xiα) = −ǫijǫαβxjβ and four real
fermionic component fields (χi′α) = −ǫi′j′ǫαβχj′β.
The superfield action
S1 =
∫
dtd4θL1(X) , (2.4)
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where d4θ ≡ − 1
24
Dii
′
Di′kD
kk′Dk′i, yields the following component action
7
S1 =
∫
dt
[
− 1
2
G1x˙
iαx˙αi +
i
4
G1χ˙
i′αχαi′ + i x˙
i
αR
αβ(∂βiG1) +
1
6
(△xG1)RαβRαβ
]
. (2.5)
Here G1 = △xL1(x) and
Rαβ = Rβα = 1
4
χαk′χ
k′β , (2.6)
We use the following notations: ∂αi = ∂/∂x
iα, △x = ∂2/∂xiα∂xαi.
The No¨ther charges of the supersymmetry transformations
δxiα = εik
′
χαk′ , δχ
i′α = −2iεki′x˙αk (2.7)
produced by the standard realization of N = 4 supersymmetry in N = 4 superspace are
Qj
′
i = χ
j′αpαi +
i
12
χj
′βχβk′χ
k′α(∂αiG1) , (2.8)
where pαi = −G1x˙αi − i(∂βiG1)Rβα are canonical momenta of xiα.
Non-vanishing Poisson brackets are 8
{xiα, pβj} = δijδαβ , {χi
′α, χβj′} = 2iG1 δi
′
j′δ
α
β , {χi
′α, pβj} = − 12G1 (∂βjG1)χi
′α . (2.9)
Supercharges (2.8) form the N = 4 supersymmetry algebra
{Qj′i , Ql
′
k} = 2i ǫj
′l′ǫikH1 , (2.10)
where
H1 = − 12G1 piαpαi − iG1 pkαRβα(∂βkG1)− 16
[
∆xG1 − 32G1 (∂kγG1)(∂γkG1)
]
RαβRαβ (2.11)
is the canonical Hamiltonian for the system (2.5).
Let us now rewrite all expressions in terms of the real four-vector quantities
xA = (xA) , pA = (pA) , χ
A = (χA) , A = 1, 2, 3, 4 , (2.12)
defined by
xαi =
1√
2
xA(σA)αi , x
iα = − 1√
2
xA(σ†A)
iα , (2.13)
pαi = − 1√2 pA(σA)αi , piα = 1√2 pA(σA†)iα , (2.14)
7It seems to have symmetry [SU(2)]3, but two of these SU(2) symmetries (those realized on the indices i
and α) can be broken, since the factor G1 is not required in general to respect any of them. One more SU(2)
(acting on the primed indices) affects only fermionic fields and is unbroken, even in the general actions of the
(4,4,0) multiplets of the same sort [19].
8There are two ways to derive these expressions. First, one can introduce the tangent space fermion variables
and distinguish carefully between ψa (canonical coordinates) and ψ¯a (canonical momenta) such that {ψ¯a, ψb} =
δab and all other brackets vanish. The variables χi
′α are expressed via the flat fermion variables multiplied by
the vielbeins, the derivatives of the latter bringing about nontrivial brackets {χ, p}.
Alternatively, one can work with the original fermions χi
′α carrying world indices. This description involves
a gauge-like redundancy in the fermion sector: the Lagrangian involves only first derivatives of χi
′α such that
fermion canonical momenta are expressed via χi
′α, generating second class constraints. They can be resolved
following the Dirac procedure and the expressions (2.9) are derived as Dirac brackets.
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∂αi = − 1√2 ∂A(σA)αi , ∂iα = 1√2 ∂A(σA†)iα , (2.15)
χαi′ = χ
A(σA)αi′ , χ
i′α = −χA(σ†A)i
′α . (2.16)
Here σA = σA and σ
A† = σ†A are defined as in (A.1). We use the multiplier
1√
2
in (2.13)-(2.15)
to ensure xiαxαi = −xAxA, △x = ∂iα∂αi = −∂A∂A, etc. The opposite signs in (2.13) and in
(2.14), (2.15) are chosen in order to preserve the equalities {xA, pB} = δAB, ∂AxB = δBA .
In the new notation, the supercharges (2.8) take the form
Qj
′
k =
1√
2
[
χApB(σ
†
Aσ
B)j
′
k − i12 χAχBχC(∂DG1) (σ†AσBσ†CσD)j
′
k
]
. (2.17)
Splitting this expression into the singlet and the triplet parts,
Q = 1√
2
Qj
′
k δ
k
j′ , Q
a = i√
2
Qj
′
k (σ
a)kj′ , (2.18)
where a = 1, 2, 3, we obtain
Q = χA
[
pA +
i
12
ǫABCD(∂DG1)χ
BχC
]
, (2.19)
Qa = −χE ηaEA
[
pA +
i
4
ǫABCD(∂DG1)χ
BχC
]
, (2.20)
where ηaAB are the ’t Hooft symbols (we remind their definition and some properties in Ap-
pendix A).
The superfield X iα can also be cast in the vector notations, X iα = − 1√
2
XA(σ†A)
iα. Then
XA = xA − i
2
ηaBCθ
BθCηaADx˙
D +
1
24
ǫBCDEθ
BθCθDθE x¨A + fermion terms , (2.21)
where we used the definitions
θik
′
= 1√
2
(σ†B)
ik′θB , θk′i = − 1√2 (σB)k′iθB . (2.22)
Note that the constraints (2.2) imply in particular ηaABDAX
B = 0 with
DA =
∂
∂θA
− iθA ∂
∂t
. (2.23)
In the four-vector notations, the action (2.5) takes the form
S1 =
∫
dt
[
1
2
gAB
(
x˙Ax˙B + iχA∇ˆχB
)
− 1
12
∂ACBCDχ
AχBχCχD
]
, (2.24)
where
gAB = G1δAB (2.25)
is the metric tensor, while
CABC = ǫABCD(∂DG1) (2.26)
is the torsion. Covariant derivative of the fermionic fields
∇ˆχA = χ˙A + ΓˆABC x˙BχC (2.27)
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involves the torsionful affine connection,
ΓˆA,BC = gADΓˆ
D
BC = ΓA,BC +
1
2
CABC , (2.28)
where ΓA,BC =
1
2
(∂BgAC + ∂CgAB − ∂AgBC) is the Levi-Civita connection.
The supercharges (2.19), (2.20) can be presented in a more geometric form, if introducing
the Lorentz spin connection
ΩA,BC = e
D
B e
E
C ΩA,DE , ΩA,BC = eBD
(
∂Ae
D
C + Γ
D
AEe
E
C
)
(2.29)
(tangent space indices are underlined).
In our case, the vierbein is e
B
A =
√
G1 δ
B
A , and
ΩA,BC =
1
2
[
δAB(∂CG1)− δAC(∂BG1)
]
. (2.30)
We obtain
Q = χA
(
pA − i2 ΩA,BCχBχC + i12 CABC χBχC
)
, (2.31)
Qa = χD(Ia)D
A
(
pA − i2 ΩA,BCχBχC − i4 CABC χBχC
)
, (2.32)
where the complex structure tensor was introduced,
(Ia)A
B = −ηaAB . (2.33)
The representation (2.31), (2.32) is valid for the supercharges in any HKT model [32]. In
the considered conformally flat 4-dimensional case, the second term in (2.31) actually vanishes,
− i
2
ΩA,BCχ
AχBχC = 0. Also note that, dividing the parameters of supersymmetry transforma-
tions into the singlet and triplet parts,
εik′ = − i√2 ε δik′ − 1√2 εa(σa)ik′ , (2.34)
we can represent the transformations (2.7) in the following form
δxA = i εχA + i εa(I
a)ABχ
B , δχA = −εx˙A + εa(Ia)AB x˙B . (2.35)
The complex structure tensors (2.33) can be checked to form the quaternionic algebra (1.6),
and they are covariantly constant with respect to the connection (2.28)
∇ˆA(Ia)BC = ∂A(Ia)BC − ΓˆDAB(Ia)DC + ΓˆCAD(Ia)BD = 0 . (2.36)
Thus, this model reproduces the HKT geometry as it should and (2.28) is nothing but the
Bismut connection with the torsion (1.7), which can also be expressed in this case as
CABC = (IABICD + IADIBC + IACIDB)
∂DG1
G21
. (2.37)
In the considered case, the supercharges can also be rewritten in a somewhat different form,
using the following relation,
χD(Ia)D
A ΩA,BCχ
BχC = −χD(Ia)DACABC χBχC . (2.38)
It allows us to rewrite (2.32) in various ways, in particular, as
Qa = χD(Ia)D
A
(
pA − i6 ΩA,BCχBχC + i12 CABC χBχC
)
. (2.39)
Later, we will see that just the representation (2.39) allows a direct generalization to the CKT
case. In the latter case, there is no any analog of the relation (2.38) and it is impossible to cast
the supercharges into the form (2.32).
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2.2 Mirror (4, 4, 0) multiplet
A mirror (4, 4, 0) multiplet is described by the superfield Y i
′α′(t, θ) subject to the constraints
Dk(i
′
Y j
′)α′ = 0 , (2.40)
where the index α′ = 1, 2 refers to an extra Pauli-Gu¨rsey SU′(2) group. The constraints (2.40)
are solved by
Y i
′α′ = yi
′α′ − ψα′k θki
′ − iy˙j′α′θj′kθki′ + i3 ψ˙α
′
j θ
jk′θk′kθ
ki′ + 1
12
y¨i
′α′ θkk
′
θk′jθ
jj′θj′k , (2.41)
i.e. they yield the same field contents, though with another assignment with respect to SU(2)L
and SU(2)R automorphism groups.
The superfield action
S2 =
∫
dtd4θL2(Y ) (2.42)
results in the following component action
S2 =
∫
dt
[
− 1
2
G2y˙
i′α′ y˙α′i′ +
i
4
G2ψ˙
iα′ψα′i + iy˙
i′
α′ R
α′β′(∂β′i′G2) +
1
6
(△yG2)Rα′β′Rα′β′
]
. (2.43)
Here
G2 = −△yL2(y) , Rα′β′ = 14 ψα
′
k ψ
kβ′ , (2.44)
and ∂α′i′ = ∂/∂y
i′α′ , △y = ∂2/∂yi′α′∂yα′i′ .
The No¨ther charges associated with the supersymmetry transformations
δyi
′α′ = ψα
′
k ε
ki′ , δψiα
′
= 2iεik
′
y˙α
′
k′ (2.45)
read
Qj
′
i = p
j′α′ψα′i − i12 (∂j
′α′G2)ψα′kψ
kβ′ψβ′i , (2.46)
where pα′i′ = −G2y˙α′i′ − i Rβ′α′(∂β′i′G2) are the canonical momenta of yi
′α′ .
Non-vanishing Poisson brackets are
{yi′α′ , pβ′j′} = δi′j′δα
′
β′ , {ψiα
′
, ψβ′j} = 2iG2 δijδα
′
β′ , {ψiα
′
, pβ′j′} = − 12G2 (∂β′j′G2)ψiα
′
. (2.47)
Supercharges (2.46) form the N = 4 supersymmetry algebra
{Qj′i , Ql
′
k} = 2i ǫj
′l′ǫikH2 , (2.48)
where
H2 = − 12G2 pi
′α′pα′i′ − iG2 R
β′
α′(∂β′k′G2)p
k′α′ − 1
6
[
∆yG2 − 32G2 (∂k
′γ′G2)(∂γ′k′G2)
]
Rα
′β′Rα′β′
(2.49)
is the canonical Hamiltonian for the system (2.43).
Note that two SU(2) symmetries (realized on the primed indices) are in general broken in
the action (2.43), while one more SU(2) realized on the unprimed indices i and acting only
on fermions is unbroken. The interplay between these three SU(2) symmetries is quite similar
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to the one we had in the case of the action (2.5), up to the evident interchange between two
automorphism SU(2) symmetries of N = 4 superalgebra (2.10), (2.48).
Now we again pass to the real four-vector quantities
yM = (yM) , pM = (pM) , ψ
M = (ψM) , M = 1, 2, 3, 4 (2.50)
by the relations
yα′i′ =
1√
2
yM(σM )α′i′ , y
i′α′ = − 1√
2
yM(σ†M )
i′α′ , (2.51)
pα′i′ = − 1√2 pM(σM)α′i′ , pi
′α′ = 1√
2
pM(σ
M†)i
′α′ , (2.52)
∂α′i′ = − 1√2 ∂M(σM)α′i′ , ∂i
′α′ = 1√
2
∂M (σ
M†)i
′α′ , (2.53)
ψα′i = ψ
M(σM)α′i , ψ
iα′ = −ψM(σ†M)iα
′
. (2.54)
Here σM ≡ σM and σM† ≡ σ†M . One can also introduce the real superfield Y M , but, within
the chosen conventions, the analog of Eq.(2.21) does not look so nice: the flow of indices in
(2.41) is not so smooth. One can choose other conventions, such that all the formulas for
the mirror multiplet would be quite parallel to those for the ordinary one (see Appendix B).
However, these conventions are less convenient for us because they display the OKT structure
(to be discussed in Sect. 3,4) in a more complicated manner.
The supercharges take the form
Qj
′
k =
1√
2
[
pMψ
N(σM†σN)j
′
k +
i
12
(∂MG2)ψ
NψKψL(σM†σNσ
†
KσL)
j′
k
]
. (2.55)
Dividing them into singlet and triplet parts
Q = 1√
2
Qj
′
k δ
k
j′ , Q
a = i√
2
Qj
′
k (σ
a)kj′ , (2.56)
we obtain
Q = ψM
(
pM +
i
12
ǫMNKL(∂LG2)ψ
NψK
)
, (2.57)
Qa = ψPηaPM
(
pM +
i
4
ǫMNKL(∂LG2)ψ
NψK
)
. (2.58)
These expressions have the same form as (2.18), up to the irrelevant sign of Qa.
In the four-vector notations, the action (2.43) is rewritten as
S1 =
∫
dt
[
1
2
gMN
(
y˙M y˙N + iψM∇ˆψN
)
− 1
12
∂MCNKLψ
MψNψKψL
]
, (2.59)
where the metric tensor and the torsion are defined as
gMN = G2 δMN , CMNK = ǫMNKL(∂LG2) . (2.60)
The covariant derivative of the fermionic field is
∇ˆψM = ψ˙M + ΓˆMNK y˙NψK , ΓˆM,NK = gMLΓˆLNK = ΓM,NK + 12 CMNK , (2.61)
where ΓM,NK =
1
2
(∂NgMK + ∂KgMN − ∂MgNK) are the standard Christoffel symbols.
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The supercharges (2.57), (2.58) can be rewritten in the canonical HKT form
Q = ψM
[ (
pM − i2 ΩM,NKψNψK
)
+ i
12
CMNK ψ
NψK
]
, (2.62)
Qa = ψL(Ia)L
M
[ (
pM − i2 ΩM,NKψNψK
)− i
4
CMNK ψ
NψK
]
, (2.63)
where (Ia)M
N is the complex structure tensor,
(Ia)M
N = ηaMN , (2.64)
ΩM,NK = eNL
(
∂Me
L
K + Γ
D
MLe
L
K
)
is the spin connection, and ψM = eMN ψ
N , with eMN being the
vierbeins. In our case eMN =
√
G2 δ
M
N , and the second terms in (2.62) are identically zero,
ΩM,NKψ
MψNψK = 0 .
In other words, we have finally obtained the same model as for a single ordinary multiplet,
up to an irrelevant sign in (2.64). This sign, however, will play the important role in Sect. 4,
when treating the interaction between the ordinary and mirror multiplets. That is the way how
a nontrivial CKT geometry comes out.
3 Free system of two (4, 4, 0) multiplets
Before studying nontrivial interacting systems, we consider the free model living in 8-dimensional
flat space to illustrate and make more precise the picture (1.24) discussed in the Introduction.
It will help us to understand what happens in the interacting case.
The component action is
Sfree =
1
2
∫
dt
[
x˙Ax˙A + y˙M y˙M + iχAχ˙A + iψM ψ˙M
]
. (3.1)
It can be represented as a sum of two Lagrangians describing the flat ordinary and the flat
mirror multiplets (2.24), (2.59) with G1 = G2 = 1. In spinor notations,
Sfree = −12
∫
dt
[
x˙iαx˙αi + y˙
i′α′ y˙α′i′ +
i
2
χi
′αχ˙αi′ +
i
2
ψiα
′
ψ˙α′i
]
. (3.2)
The No¨ther supercharges associated with the N = 4 supersymmetry transformations (2.7),
(2.45) are expressed as
Qj
′
i = χ
j′βp
(x)
βi + p
(y)j′β′ψβ′i . (3.3)
After passing to the four-vector notation according to (2.13)-(2.16), (2.51)-(2.54), we obtain
the equivalent set of supercharges
Q = χAp
(x)
A + ψ
Mp
(y)
M , (3.4)
Qa = −χAηaABp(x)B + ψMηaMNp(y)N , (3.5)
where Q = 1√
2
Qj
′
i δ
i
j′ and Q
a := i√
2
Qj
′
k (σ
a)kj′ . The opposite signs in (3.5) imply the following
block-diagonal form of the associated triplet of complex structures,
Ia =
( −ηaAB 0
0 ηaMN
)
. (3.6)
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Now we observe that the same component action (3.1) can be obtained by considering the
system of two multiplets of the same sort, i.e. two free ordinary or two free mirror multiplets.
The corresponding singlet No¨ther supercharge coincides with Q defined in (3.4), while the
triplet one is given by the expression
Sa = −χAηaABp(x)B − ψMηaMNp(y)N , (3.7)
which differs from (3.5) by the relative sign of its two terms.
The supercharges (3.7) and (3.4) form the N = 4 superalgebra associated with the HKT
complex structures
Ja =
( −ηaAB 0
0 −ηaMN
)
. (3.8)
The complex structures (3.8) satisfy the quaternion algebra (1.6), as opposed to the structures
(3.6) which constitute solely the Clifford algebra.
In the considered free case, there is also a hidden N = 4 supersymmetry realized by the
transformations
δxiα = ηαβ
′
ψiβ′ , δχ
i′α = −2iηαβ′ y˙i′β′ , (3.9)
δyi
′α′ = −χi′βηβα
′
, δψiα
′
= −2ix˙iβηβα
′
. (3.10)
The corresponding No¨ther charges are
Q˜α
′
β = −χβk′p(y)k
′α′ + p
(x)
βk ψ
kα′ .
In the four-vector notation this supercharge, as in the previous cases, can equivalently be
represented as the set of singlet and triplet supercharges,
Q˜ = 1√
2
Qα
′
β δ
β
α′ , Q˜
p = i√
2
Qα
′
β (σ
p)α′
β , p = 1, 2, 3 , (3.11)
which have the following explicit form
Q˜ = −χAδANp(y)N + ψMδMBp(x)B , (3.12)
Q˜p = χAη¯pANp
(y)
N + ψ
M η¯pMBp
(x)
B , (3.13)
Thus, we obtain four additional complex structure matrices
I˜ =
(
0 −δAN
δM
B 0
)
, I˜p =
(
0 η¯pAN
η¯pMB 0
)
. (3.14)
The antisymmetric matrices Ia, I˜ and I˜p form the seven-dimensional Clifford algebra (when
checking this, the identity (A.12) is handy).
4 Interaction of two (4, 4, 0) multiplets
Consider now the system with the two mutually interacting root multiplets.
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4.1 Ordinary multiplets
When the system includes several interacting multiplets (4, 4, 0) of the same type, its geometry
is HKT. Let us see how this comes about in the simplest nontrivial case of two interacting
ordinary multiplets.
Thus, we consider two pseudoreal superfields X iα(t, θ), Z iα(t, θ), both of them being subject
to the constraints (2.2). The θ expansion of X iα(t, θ) was given in (2.3), for Z iα(t, θ) we have
the expansion of the same type:
Z iα = ziα − θik′ϕ αk′ + iθik
′
θk′kz˙
kα − i
3
θii
′
θi′kθ
kk′ϕ˙ αk′ − 112 θkk
′
θk′jθ
ji′θi′k z¨
iα, (4.1)
with four real bosonic component fields in ziα = −ǫijǫαβ(zβj) and four real fermionic component
fields in ϕi
′α = −ǫi′j′ǫαβ(ϕj′β) .
A general sigma-model superfield action,
S =
∫
dtd4θL(X,Z) , (4.2)
amounts to the following component action [20]
S =
∫
dt
(
Lb + L2f + L4f
)
, (4.3)
Lb = −12 (△xL) x˙iαx˙αi − 12 (△zL) z˙iαz˙αi + 2ǫij
(
∂
(x)
αi ∂
(z)
βj L
)
x˙kαz˙βk , (4.4)
L2f = − i4 (△xL)χi
′αχ˙αi′ − i4 (△zL)ϕi
′αϕ˙αi′ +
i
2
ǫij
(
∂
(x)
αi ∂
(z)
βj L
)(
ϕβk′χ˙
k′α − ϕ˙βk′χk
′α
)
(4.5)
+ i
(
∂
(x)
αk△xL
)
x˙kβR
αβ
(χ) + 2i ǫ
ij
(
∂
(x)
αi ∂
(z)
βj ∂
(z)
γk L
)
x˙kαRβγ(ϕ)
+ i
4
(
∂
(z)
αk△xL
)
x˙kβϕ
α
j′χ
j′β − i
2
ǫij
(
∂
(z)
αi ∂
(x)
βj ∂
(x)
γk L
)
x˙kβϕαj′χ
j′γ
+ i
(
∂
(z)
αk△zL
)
z˙kβR
αβ
(ϕ) + 2i ǫ
ij
(
∂
(z)
αi ∂
(x)
βj ∂
(x)
γk L
)
z˙kαRβγ(χ)
+ i
4
(
∂
(x)
αk△zL
)
z˙kβχ
α
j′ϕ
j′β − i
2
ǫij
(
∂
(x)
αi ∂
(z)
βj ∂
(z)
γk L
)
z˙kβχαj′ϕ
j′γ ,
L4f =
1
6
(△2xL)Rαβ(χ)R(χ)αβ + 16 (△2zL)Rαβ(ϕ)R(ϕ)αβ (4.6)
− 1
3
ǫij
(
∂
(x)
αi ∂
(z)
βj △xL
)
Rαγ(χ)χk′γϕ
βk′ + 1
3
ǫij
(
∂
(x)
αi ∂
(z)
βj △zL
)
Rβγ(ϕ)ϕγk′χ
k′α
− 1
2
(△x△zL)Ri′j′(χ)R(ϕ)i′j′ + 2ǫikǫjl
(
∂
(x)
αi ∂
(x)
βj ∂
(z)
γk ∂
(z)
δl L
)
Rαβ(χ)R
γδ
(ϕ) ,
where
Ri
′j′
(χ) =
1
4
χi
′γχj
′
γ , R(ϕ) i′j′ =
1
4
ϕγi′ϕγj′ . (4.7)
The action (4.3) is invariant with respect to N = 4 supersymmetry transformations (2.7) of
xiα, χi
′α and similar transformations for the component fields of the superfield Z iα:
δxiα = ξik
′
χαk′ , δχ
i′α = −2ix˙αk ξki
′
; δziα = ξik
′
ϕαk′ , δϕ
i′α = −2iz˙αk ξki
′
. (4.8)
It is N = 4 HKT supersymmetry with complex structures Ja defined in (3.8).
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Note that the bosonic part of the action generically includes the mixed kinetic term ∝ x˙z˙.
It vanishes only under the condition
ǫij
(
∂
(x)
αi ∂
(z)
βj L
)
= 0 , (4.9)
which holds if and only if the Lagrangian is a sum of two terms depending, respectively, only
on x, χ and only on z, ϕ. In other words, two multiplets do not interact in this case9.
It is also worth noting that the action (4.3) respects the invariance under one of the auto-
morphism SU(2) symmetries (the one acting on the primed indices i′, i.e. realized only on the
fermionic filds), like the actions of single (4, 4, 0) multiplets.
4.2 Two mutually mirror (4, 4, 0) multiplets
We now consider the superfield action
S =
∫
dtd4θL(X, Y ) , (4.10)
where X is an ordinary multiplet, while Y is a mirror one. This action gives rise to the following
component form [26]
S =
∫
dt L =
∫
dt
(
Lb + L2f + L4f
)
, (4.11)
Lb = −12 G1 x˙iαx˙αi − 12 G2 y˙i
′α′ y˙α′i′ , (4.12)
L2f = − i4 G1 χi
′αχ˙αi′ − i4 G2 ψiα
′
ψ˙α′i (4.13)
+ i
(
∂
(x)
αk G1
)
x˙kβR
αβ − i
(
∂
(x)
αi G2
)
Rikx˙αk − i2
(
∂
(y)
α′i′ G1
)
χi
′αx˙αiψ
iα′
+ i
(
∂
(y)
α′k′ G2
)
y˙k
′
β′R
α′β′ − i
(
∂
(y)
α′i′ G1
)
Ri
′k′ y˙α
′
k′ − i2
(
∂
(x)
αi G2
)
ψiα
′
y˙α′i′χ
i′α ,
L4f =
1
6
(△xG1)RαβRβα + 16 (△y G2)Rα
′β′Rβ′α′ (4.14)
− 1
3
(
∂
(x)
αi ∂
(y)
α′i′ G1
)
Rαβχi
′
βψ
iα′ − 1
3
(
∂
(x)
αi ∂
(y)
α′i′ G2
)
Rα
′β′ψiβ′χ
i′α
+
(
∂
(x)
αi ∂
(x)
βj G2
)
RαβRij +
(
∂
(y)
α′i′∂
(y)
β′j′ G1
)
Rα
′β′Ri
′j′ .
Here
G1(x, y) = △xL(x, y) , G2(x, y) = −△yL(x, y) , (4.15)
Rαβ , Rα
′β′ , Ri
′j′ were defined above, and
Rij = Rji = 1
4
ψiγ
′
ψjγ′ . (4.16)
9Clearly, (4.9) is necessary for that. Let us prove that it is also sufficient. Note first that all other mixed
terms in (4.5) and (4.6) are reduced to (4.9) and its derivatives. There are also the terms involving △xL ≡ G1,
△zL ≡ G2, and their derivatives. To understand their structure, let us act on (4.9) with ∂α(x)k = ǫαγ∂(x)γk . The
operator ǫαγ∂
(x)
γk ∂
(x)
αi is antisymmetric with respect to k ↔ i and so is reduced to (1/2)ǫki△x. We see that
∂
(z)
βj G1 = 0, i.e. G1 does not depend on z. By the same token, G2 does not depend on x. Bearing in mind the
remarks above, this proves our assertion.
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Note that, in contrast to the Lagrangian (4.4) describing the interaction of two ordinary
(4, 4, 0) multiplets, the mixed kinetic terms ∝ x˙y˙ are absent here. This can be best understood
when using the conventions of Appendix B (see (B.7), (B.8)).
The No¨ther supercharges corresponding to the N=4 supersymmetry transformations (2.7),
(2.45) are
Qj
′
i = χ
j′αp
(x)
αi + p
(y)j′α′ψα′i (4.17)
+ i
12
χj
′βχβk′χ
k′α
(
∂
(x)
αi G1
)
− i
12
(
∂(y)j
′α′ G2
)
ψα′kψ
kβ′ψβ′i
+ i
4
χj
′βχβk′
(
∂(y)k
′α′ G1
)
ψα′i − i4χj
′β
(
∂
(x)
βk G2
)
ψkα
′
ψα′i .
In the case without the X, Y interaction, i.e. for L(X, Y ) = A(X)+B(Y ), the action (4.11)
coincides with the action (4.4) in which the multiplets X and Y (substituted for Z) do not
interact. Such action, similar to the free action (3.2), is invariant with respect to two different
sets of supersymmetry transformations: the CKT transformations (2.7), (2.45) and the HKT
transformations (4.8) (in which one should make replacements z → y, ϕ→ χ). But, generically,
when the mutual interactions are switched on, the actions (4.11) and (4.4) are different. The
action (4.11) is invariant with respect to the CKT transformations, but not with respect to the
HKT ones. For the action (4.4), the inverse is true.
An important new feature of the mixed action (4.11) is that in general it breaks all four
SU(2) symmetries one can realize on the component fields. The reason is that the metric
functions G1 and G2 depend now on the bosonic fields carrying the doublet indices of all these
SU(2) symmetries which so can be totally broken.
We have seen above that the free action (3.2) enjoys an additional invariance under the
transformations (3.9), (3.10) which mix components from different multiplets. The action
(4.11) also has this property under the condition
G1(x, y) = G2(x, y) ≡ G(x, y) , (4.18)
when the metric becomes conformally flat. In this case, the N = 4 CKT supersymmetry
extends to the N = 8 OKT supersymmetry. The No¨ther supercharges corresponding to the
transformations (3.9), (3.10) are
Q˜α
′
β = −χβk′p(y)k
′α′ + p
(x)
βk ψ
kα′ (4.19)
− i
12
(
∂
(x)
βi G
)
ψiγ
′
ψγ′kψ
kα′ − i
12
χβi′χ
i′γχγk′
(
∂(y)k
′α′ G
)
+ i
4
χβk′
(
∂(y)k
′γ′ G
)
ψγ′iψ
iα′ + i
4
χβi′χ
i′γ
(
∂
(x)
γk G
)
ψkα
′
.
It is important to mention that the condition (4.18) together with the relations (4.15) lead
to the D = 8 harmonicity of the Lagrangian,
(△x +△y)L(x, y) = 0 , (4.20)
as well as to the D = 8 harmonicity of the conformal factor
(△x +△y)G(x, y) = 0 . (4.21)
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4.3 Eight-dimensional formulation
It is instructive to rewrite the relations of the previous subsection in the eight-dimensional
vector notations.
Let us introduce 8-component quantities composed out of the 4-component ones:
xµ =
(
xA, yM
)
, ψµ =
(
χA, ψM
)
, µ = 1, . . . , 8 . (4.22)
Then, the 8-dimensional metric is
gµν =
(
G1 δAB 0
0 G2 δMN
)
, (4.23)
and the Lagrangian (4.11) takes the concise form
L = 1
2
gµν
(
x˙µx˙ν + iψµ∇ˆψν
)
− 1
12
∂µCνλρψ
µψνψλψρ , (4.24)
where
∇ˆψµ = ψ˙µ + Γˆµνλx˙νψλ , Γˆµ,νλ = gµρΓˆρνλ = Γµ,νλ + 12 Cµνλ . (4.25)
It implies the following non-vanishing Poisson brackets for the (curved) phase space variables
{xµ, pν} = δµν , {ψµ, ψν} = −igµν , {ψµ, pν} = −12 gµλ(∂νgλρ)ψρ . (4.26)
The Lagrangian (4.24) looks very similar to the HKT Lagrangian (2.59). However, there
is an important difference between both. While in the HKT case the connection (2.28) had a
transparent geometric interpretation as the Bismut connection for the HKT complex structures,
the connection (4.25) cannot be interpreted as a Bismut connection. It is something else. We
will come back to this point later.
The Levi-Civita connection Γµ,νλ =
1
2
(∂νgµλ + ∂λgµν − ∂µgνλ) has the following non-vanishing
components
ΓA,BC =
1
2
[
δAB(∂
(x)
C G1) + δAC(∂
(x)
B G1)− δBC(∂(x)A G1)
]
, (4.27)
ΓM,NK =
1
2
[
δMN(∂
(y)
K G2) + δMK(∂
(y)
N G2)− δNK(∂(y)M G2)
]
, (4.28)
ΓM,NA = −ΓA,MN = 12 δMN(∂(x)A G2) , ΓA,BM = −ΓM,AB = 12 δAB(∂(y)M G1) . (4.29)
The non-vanishing components of the torsion are
CABC = ǫABCD(∂
(x)
D G1) , CMNK = ǫMNKL(∂
(y)
L G2) , (4.30)
CMAB = −CAMB = CABM = −ηaABηaMK(∂(y)K G1) , (4.31)
CAMN = −CMAN = CMNA = −ηaACηaMN(∂(x)C G2) . (4.32)
Note that the torsion components (4.31), (4.32) obey the 4D self-duality conditions
ǫABCDCMCD = 2CMAB , ǫMNKLCAKL = 2CAMN . (4.33)
The standard spin connection, Ωµ,νλ = e
ρ
ν e
σ
λ Ωµ,ρσ, Ωµ,νλ = eνρ
(
∂µe
ρ
λ + Γ
ρ
µσe
σ
λ
)
, for the
metric (4.23) is reduced to
Ωµ,νλ = Γν,µλ − 12 ∂µgνλ = ∂[λgν]µ , (4.34)
18
that is a collection of the following components
ΩA,BC =
1
2
[
δAB(∂
(x)
C G1)− δAC(∂(x)B G1)
]
, ΩM,NK =
1
2
[
δMN(∂
(y)
K G2)− δMK(∂(y)N G2)
]
, (4.35)
ΩM,NA = −ΩM,AN = 12 δMN(∂(x)A G2) , ΩA,BM = −ΩA,MB = 12 δAB(∂(y)M G1) , (4.36)
ΩM,AB = 0 , ΩA,MN = 0 . (4.37)
These expressions imply that
Ωµ,νλψ
µψνψλ = 0 . (4.38)
The canonical classical Hamiltonian of the system (4.24) has the following form,
H = 1
2
gµνPµPν + 112 ∂µCνλρψµψνψλψρ , (4.39)
where
Pµ = pµ − i2 Ωˆµ,νλψνψλ , (4.40)
and Ωˆµ,νλ is the torsionful spin connection,
Ωˆµ,νλ = Ωµ,νλ − 12 Cµνλ . (4.41)
It corresponds (notwithstanding an ostensibly opposite sign of the second term!) to the tor-
sionful affine connection (4.25),
Ωˆµ,νλ = e
ρ
νe
σ
λ Ωˆµ,ρσ , Ωˆµ,νλ = eνρ
(
∂µe
ρ
λ + Γˆ
ρ
µσe
σ
λ
)
.
Note that, in the considered case, the equality Ωµ,νλψ
νψλ = Γν,µλψ
νψλ is satisfied.
The singlet and triplet parts of the supercharges (4.17) take the form
Q = ψµ
(
pµ − i2 Ωµ,νλψνψλ + i12 Cµνλ ψνψλ
)
, (4.42)
Qa = ψσ(Ia)σ
µ
(
pµ − i6 Ωµ,νλψνψλ + i12 Cµνλ ψνψλ
)
, (4.43)
with the block–diagonal complex structures (Ia) µσ given by the expressions (3.6). Bearing in
mind (4.41) and (4.38), the supercharges can be rewritten in the following compact form
Q = ψµΠµ , Q
a = ψν(Ia)ν
µΠµ , (4.44)
where
Πµ = pµ − i6 Ωˆµ , Ωˆµ = Ωˆµ,νλψνψλ (4.45)
(cf. eq. (4.40)). Using (1.12), (4.49), (1.16), and (4.26), one can explicitly verify the validity
of the classical N = 4 supersymmetry algebra
{Q,Q} = −2iH , {Qa, Qb} = −2iHδab , {Q,Qa} = 0 , (4.46)
with the Hamiltonian (4.39).
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As was discussed earlier, Ia obey the Clifford algebra (1.12), but not the quaternion al-
gebra (1.6). The tensors Iaµν and I
µν
a are obtained from (3.6) through multiplying by gµν =
diag(G1δAB, G2δMN) and g
µν = diag(G−11 δAB, G
−1
2 δMN ). They are all antisymmetric.
Similarly to what we had for the HKT geometry, the transformations (2.7), (2.45) can be
rewritten in the form
δxµ = i εψµ + i εa(I
a)µνψ
ν , δψµ = −εx˙µ + εa(Ia)µν x˙ν , (4.47)
where (Ia)µν = g
µλ(Ia)λ
ρgρν has the same matrix components as (I
a)µ
ν , i.e. (Ia)µν = (I
a)µ
ν .
The difference with HKT is that the complex structures (3.6) are now not covariantly
constant with respect to the connections (4.25). This means, in particular, that the torsions
(4.30)-(4.32) are not given by the same expression (1.7) for any Ia. For sure, for every complex
structure Ia, one can still define the Bismut connection (1.7), such that the covariant derivative
of Ia vanishes. But, as opposed to the HKT case, such Bismut connections are different for
different Ia .
At the same time, the complex structures satisfy the weaker conditions (1.13) with respect
to the covariant derivative (4.25). In the considered case, these conditions amount to
(Ia) ρλ Γρ,µν + Γˆλ,(µ|ρ|(I
a) ρν) = 0 (4.48)
or, equivalently, to
(Ia) ρµ Ωˆρ,νλ + (I
a) ρν Ωˆρ,µλ = ∂ρgµ[ν(I
a) ρλ] + ∂ρgν[µ(I
a) ρλ] . (4.49)
The Nijenhuis concomitants (1.14) vanish here because (Ia) νµ are constants. One can also
check that the torsion tensor satisfies the conditions (1.16). Thus in the model under consider-
ation we encounter a particular case of the CKT geometry.
As was indicated above, for G1 = G2, i.e. under the condition
∂µ∂µG(x, y) = 0 , (4.50)
the model possesses four additional supersymmetries (3.9), (3.10). In the eight-dimensional
notations, these transformations can be rewritten as
δxµ = i ηI˜µνψ
ν + i ηp(I˜
p)µνψ
ν , δψµ = ηI˜µν x˙
ν + ηp(I˜
p)µν x˙
ν . (4.51)
Correspondingly, the singlet and triplet parts of the No¨ther supercharges (4.19) of this N=4
supersymmetry take the form (p = 1, 2, 3)
Q˜ = ψσ I˜σ
µ
(
pµ − i6 Ωµ,νλψνψλ + i12 Cµνλ ψνψλ
)
, (4.52)
Q˜p = ψσ(I˜p)σ
µ
(
pµ − i6 Ωµ,νλψνψλ + i12 Cµνλ ψνψλ
)
, (4.53)
with the complex structures I˜ νµ , (I˜
a) νµ defined in (3.14). These complex structures, together
with the structures (3.6), form the Clifford algebra
{Ia, Ib} = −2 δab18 , I˜2 = −18 , {I˜p, I˜q} = −2 δpq18 ,
{I˜, I˜p} = {I˜, Ia} = {Ia, I˜p} = 0 .
(4.54)
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4.4 N = 2 superfield formulation
To better understand the geometric meaning of the spin connection (4.41), it is instructive to
express the Lagrangian (4.24) in terms of N = 2 superfields. In the N = 2 superfield language,
the models studied in this paper prove to realize some special cases of the twisted Dolbeault
complexes, such that they admit extended supersymmetries.
We denote
θ11
′
= η , θ22
′
= −η¯ , θ12′ = θ , θ21′ = θ¯ .
Then the N = 4 superfield X iα defined in (2.3) can be rewritten in terms of the SU(2)PG
doublet of chiral N = 2 superfields ZA, Z¯A¯:
X11 ≡ X 1 , X12 ≡ X 2 , X22 ≡ −X¯ 1¯ , X21 ≡ X¯ 2¯ , (4.55)
XA = ZA + η ǫABD¯Z¯ B¯ − iηη¯Z˙A , (4.56)
X¯ A¯ = Z¯A¯ − η¯ ǫA¯ B¯DZ B + iηη¯ ˙¯ZA¯ . (4.57)
Here A = 1, 2, A¯ = 1, 2 10. Defining the N = 2 superspace covariant derivatives as
D = ∂θ − iθ¯∂t , D¯ = −∂θ¯ + iθ∂t , (4.58)
we find that the N = 4 superspace constraints (2.2) imply chirality of the N = 2 superfields
ZA, D¯ZA = 0, and antichirality of Z¯A¯, DZ¯A¯ = 0 . In their θ expansions, these superfields
contain the full set of components, (xiα, χiα
′
), of a (4, 4, 0) multiplet:
Z1 = x11 + θ χ11
′ − iθθ¯ x˙11 ,
Z2 = x12 + θ χ21
′ − iθθ¯ x˙12 ,
Z¯ 1¯ = −(x22 − θ¯ χ22′ + iθθ¯ x˙22) ,
Z¯ 2¯ = x21 − θ¯ χ12′ + iθθ¯ x˙21 .
The N = 4 superfield Y i′α′ (2.41) has an analogous N = 2 superfield decomposition:
Y 2
′2′ ≡ Y1 , Y 1′2′ ≡ Y2 , Y 1′1′ ≡ −Y¯ 1¯ , Y 2′1′ ≡ Y¯ 2¯ , (4.59)
YM = VM − η¯ ǫMN D¯V¯ N¯ + iηη¯V˙M , (4.60)
Y¯M¯ = V¯ M¯ + η ǫM¯N¯DV N − iηη¯ ˙¯V M¯ , (4.61)
whereM = 1, 2, M¯ = 1, 2 . The chiral superfields VM, D¯VM = 0, and the antichiral superfields
V¯ M¯, DV¯ M¯ = 0, are defined by
V 1 = y2
′2′ + θ ψ22
′ − iθθ¯ y˙2′2′ ,
V 2 = y2
′1′ + θ ψ21
′ − iθθ¯ y˙2′1′ ,
V¯ 1¯ = −(y1′1′ − θ¯ ψ11′ + iθθ¯ y˙1′1′) ,
V¯ 2¯ = y1
′2′ − θ¯ ψ12′ + iθθ¯ y˙1′2′ .
10The index A labeling complex chiral superfields should not be confused with the real 4-vector index A.
21
Their chirality and antichirality follow from the N = 4 superspace constraint (2.40). Note
that the complex coordinates ZA, VM appear as the components of the complex eight-vector
xµ + i(I
3) νµ xν , with I
3 = Ia=3 and Ia being defined in (3.6).
The N = 4 superfield action (4.10) can be equivalently rewritten in the N = 2 superfield
form as
S =
∫
dtdθdθ¯L(ZA, Z¯A¯, VM, V¯ M¯) , (4.62)
with
L(ZA, Z¯A¯, VM, V¯ M¯) =
∫
dηdη¯L(XA, X¯ A¯,YM, Y¯M¯)
=
[
(∂A∂B¯L) + ǫAC ǫ B¯D¯ (∂D∂C¯L)
]
DZAD¯Z¯ B¯
−
[
(∂M∂N¯L) + ǫMK ǫN¯ L¯ (∂L∂K¯L)
]
DVMD¯V¯ N¯
+ ǫAB ǫMN (∂B¯∂N¯L)DZADVM
− ǫA¯B¯ ǫM¯N¯ (∂B∂NL) D¯Z¯A¯D¯V¯ M¯ . (4.63)
The action (4.62) with the Lagrangian (4.63) is a particular case of the N = 2 superfield action
for CKT systems given in [19].
Note an important difference between the N = 2 superfield expansions of XA and YM
(4.56) and (4.60): in the second case the Grassmann variable η is replaced by η¯. Clearly, this
difference is not important, when considering the systems with the single X iα or the single
Y i
′α′ , since one can always redefine η ↔ η¯. It becomes, however, essential while considering
these supermultiplets together, because it gives rise to different transformation laws of the
corresponding chiral superfields under the hidden N = 2 supersymmetry acting as shifts of
η, η¯. From the N = 2 superfield point of view, it is exactly this difference that is responsible
for the emergence of the CKT geometry in such a system [19].
Indeed, the presence of η in (4.56) and η¯ in (4.60) leads to the appearance of the mixed
structures DZADVM, D¯Z¯A¯D¯V¯ M¯ (the last two terms in (4.63)). They have the same form
as (1.4) and thus yield extra holomorphic torsion components. Such mixed terms involving
the same type of N = 2 spinor derivatives are absent in the N = 2 superfield formulation
of the HKT models: only the structures similar to the first two terms in (4.63) appear there
[8, 19]. These structures produce the target space metric and the Bismut-type torsions having
no (anti)holomorphic components.
We can now understand the crucial difference between the CKT and the HKT models. Being
expressed through N = 2 superfields, the latter represent special types of the usual Dolbeault
models (1.2), (1.3), but without (1.4). At the same time, the CKT models are characterized
by the inevitable presence of the terms of type (1.4) in the corresponding N = 2 superfield
actions.
In the operator language, the models of this class are obtained by a similarity transformation
of the complex supercharges,
Q → eBjkψjψkQe−Bjkψjψk . (4.64)
In the CKT models, the fermion charge ψjψ¯
j is not conserved! This is another difference from
the HKT models where the fermion charge is conserved. As there are three different complex
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structures and three ways to introduce complex coordinates (and, hence, three ways to define
the chiral superfields ZA), there are three such conserved charges F a = (Ia)µνψµψν . Then the
triplet HKT supercharges are obtained from the singlet one through the commutation relation
[17, 32],
Sa = [Q,F a] . (4.65)
In the interacting CKT case, there are no conserved fermion charges and, therefore, no relation
like (4.65) can be written.
On the Lagrangian level, the same phenomenon manifests itself as the invariance of the
general HKT actions under one of the automorphism SU(2) symmetries, that one which is
realized solely on fermionic fields, and the non-invariance of the general CKT actions under
any of the SU(2) symmetries involved. These specific features were already mentioned in the
previous Sections.
5 Quantum supercharges and geometry
We construct first the quantum supercharges for the CKT model with the metric (4.23). The
experience thus acquired will allow us to find quantum supercharges for a generic CKT(OKT)
manifold and, based on this, to suggest new definitions of CKT and OKT geometries.
A general recipe to quantize supersymmetric theories was given in [30]. The correct quan-
tum supercharges (not the Hamiltonian !) are obtained by ordering the classical supercharges
according to symmetric Weyl prescription. Obviously, Weyl ordering of real classical expres-
sions gives Hermitian operators, Q† = Q. These operators act on the wave functions normalized
with the flat measure. In our case,∫ ∏
µ
dxµ
∏
a
dψadψ¯a exp{ψ¯aψa} Ψ¯(xµ, ψ¯a)Ψ(xµ, ψa) = 1 , (5.1)
where the pair (ψa, ψ¯a) corresponds to some particular splitting of the flat (ψµ) into the canon-
ical coordinates and momenta. The choice of such a splitting is quite arbitrary. It does not
affect the results.
For SQM sigma models describing the motion over curved manifold, it is more convenient
to consider covariant wave functions normalized with the extra factor
√
g. The Hermitian with
respect to this Riemannian measure operators O are obtained from the “flat” Weyl-ordered
operators by the similarity transformation,
Ocov = g−1/4Oflatg1/4 . (5.2)
Applying this recipe to the singlet supercharge (4.42), one reproduces the same expression
as (4.42) with the same order of quantum operators.
It is not so straightforward to derive the expression for the triplet quantum supercharge,
but it can be done using the results of Sect. 4.4. Consider a pair (Q,Qaˆ) with some particular
a = aˆ. As we have seen, in the N = 2 superfield formulation our model amounts to the twisted
Dolbeault complex with extra holomorphic and antiholomorphic torsion components. These
(anti)holomorphic components are given by the tensor Hµνλ(C, I) defined in (1.9), with I ≡ I aˆ.
Now we can understand the origin of the coefficient 1/4 in (1.9). Just with this coefficient, the
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property Hµνλ(H, I) = Hµνλ holds. Thus the total torsion Cµνλ is expressed as a sum of its
(anti)holomorphic part Hµνλ and a part Bµνλ satisfying the condition (1.8) which strips off all
(anti)holomorphic components from Bµνλ .
As was shown in [11], the full quantum covariant N = 2 supercharges (derived by the
prescription explained above) are the sum of “untwisted” quantum supercharges (i.e., without
holomorphic torsions) and the holomorphic and antiholomorphic parts ∼ Cjkl,∼ Cj¯k¯l¯. In our
real vector notation, the latter correspond just to the term i
12
Hµνλψ
µψνψλ for the supercharge
Q and the term i
12
Hµνλ(I
aˆ) µσ ψ
σψνψλ for the supercharge Qaˆ (with the fixed value of the index
a = aˆ), which are the same as in the classical supercharges (4.42), (4.43) 11. The untwisted
part of Qaˆ involves the Bismut torsion tensor Baˆµνλ for the given complex structure I
aˆ, and it is
represented by the same expression as in (2.32) with the order of indices indicated there [32].
Finally, we obtain the following expressions for the quantum supercharges,
Q = ψµ
(
pµ − i2 Ωµ,νλψνψλ + i12 Cµνλ ψνψλ
)
, (5.4)
Qaˆ = ψσ(I aˆ)σ
µ
(
pµ − i2 Ωµ,νλψνψλ − i4 Baˆµνλ ψνψλ + i12 H aˆµνλ ψνψλ
)
, (5.5)
with
Cµνλ = B
aˆ
µνλ +H
aˆ
µνλ . (5.6)
Baˆµνλ is the Bismut torsion for the complex structure I
aˆ and H aˆµνλ(C, I
aˆ) was defined in (1.9).
Note that the classical triplet supercharge can also be represented as (5.5). This geometric
representation should be valid for any CKT manifold (the more compact representation (4.43)
probably holds only for our particular model with the metric (4.23)).
It remains to prove that the supercharges (5.4), (5.5) indeed form the quantum N = 4
superalgebra. The N = 2 superalgebra relations for a fixed index a = aˆ,
Q2 = (Qaˆ)2 = H, {Q,Qaˆ}+ = 0 ,
follow from the analysis in Ref. [11]. It remains to show that {Qaˆ, Qbˆ}+ = 0 when aˆ 6= bˆ.
We will consider first our specific CKT model with the metric (4.23) and the classical
supercharges (4.43). The best way to proceed is to capitalize on the fact that the quantum
supercharges (5.5) are obtained from the classical supercharges (4.43) by Weyl ordering and
on the well-known assertion that the Weyl symbol of an (anti)commutator of two operators
is given by the Gro¨newold-Moyal (G-M) bracket of their Weyl symbols [31]. For a system
involving fermion variables, the latter is defined as
i~{A,B}GM=2 sinh
{
~
2
∑
a
(
∂2
∂ψ
(2)
a ∂ψ¯
(1)
a
− ∂
2
∂ψ
(1)
a ∂ψ¯
(2)
a
)
+
i~
2
∑
i
(
∂2
∂q
(1)
i ∂p
(2)
i
− ∂
2
∂q
(2)
i ∂p
(1)
i
)}
A
(
p
(1)
i , q
(1)
i ; ψ¯
(1)
a , ψ
(1)
a
)
B
(
p
(2)
i , q
(2)
i ; ψ¯
(2)
a , ψ
(2)
a
)∣∣∣
1=2
, (5.7)
11This follows from our Weyl ordering prescription and from the total antisymmetry of Hµνλ and of the tensor
Gµνλ = (I
aˆ) αµ Hανλ =
1
4
[
(I aˆ) αµ Cανλ + (I
aˆ) αν Cµαλ + (I
aˆ) αλ Cµνα − (I aˆ) αµ (I aˆ) βν (I aˆ) γλ Cαβγ
]
. (5.3)
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where (pi, qi) are bosonic and (ψ
a, ψa) — fermionic canonically conjugate pairs. We introduced
here ~ to make more explicit the classical limit ~→ 0. In this limit, only the first term in the
expansion of sinh actually contributes, and the G-M bracket is reduced to the Poisson bracket.
As we have mentioned before, the Poisson bracket {Qa, Qb}P.B. vanishes for a 6= b.
For the supercharges (4.43), also the cubic term in the expansion of sinh with six partial
derivatives might contribute. There are two such possible contributions: the contribution with
the derivatives of vielbein from the first terms in (4.43) and the contribution ∼ ∂6/(∂ψ)6 from
the second terms. The first contribution is
∼ (∂αeσa)I νσ (∂νe µa )J αµ , (5.8)
where I, J are two different complex structures (3.6). It is not difficult to see that, for the
diagonal metric (4.23) and the naturally chosen diagonal vielbeins, (5.8) vanishes.
The second possible contribution has the form
∼ Ωˆµ,νλΩˆα,γδI µσ J αρ
(
gσρgνγgλδ + 2gσγgνδgλρ
)
. (5.9)
This also vanishes, as can be checked using the explicit expressions (4.30)-(4.32), (4.35)-(4.37).
5.1 Generic CKT/OKT geometry. Theorems and definitions
The calculation of {Qa, Qb}G−M given above was performed for the particular model (4.23).
But one can show that it is proportional to δab also in the most general case. We are going to
prove the following
Theorem 1. Let Ia be three (seven) integrable complex structures with the vanishing Nijenhuis
concomitants (1.14) that satisfy the Clifford algebra (1.12). Let Cµνλ be a totally antisymmetric
torsion tensor representable as in (5.6) for each complex structure. Let each pair of the su-
percharges (5.4), (5.5) satisfy the minimal N = 2 superalgebra. Then they all together satisfy
the extended N = 4 ( N = 8) supersymmetry algebra, and we are dealing with a CKT (OKT)
geometry.
Proof. The definition of the CKT/OKT geometries given in the Introduction involves the con-
ditions (1.13), (1.17) and also (1.14). The latter is also among the conditions we are imposing
now. It is this condition involving a pair of complex structures which guarantees the property
{Qa, Qb} ∝ δab. As for the conditions (1.13), (1.17), they are formulated for each complex
structure separately and should be there once we require the fulfillment of the N = 2 algebra
for each pair (Q, Qaˆ). Let us check this explicitly.
• The property (1.13) follows from the decomposition (5.6), the fact that the complex
structures are covariantly constant with respect to their Bismut connections and the total
antisymmetry of H aˆµνλ in its lower case indices.
• To prove (1.17), we introduce, for each complex structure I aˆ, the corresponding complex
coordinates zj(aˆ) and z¯j¯(aˆ) (such that the metric tensor is Hermitian, gµν → hjk¯) and then
represent the 3-form C = Cµνλdx
µ ∧ dxν ∧ dxλ as a sum of four terms,
C = C3,0 + C2,1 + C1,2 + C0,3 , (5.10)
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where Cp,q involves the components with p holomorphic and q antiholomorphic indices. We can
also represent d = ∂aˆ+ ∂¯aˆ, where ∂aˆ, ∂¯aˆ are exterior derivatives holomorphic (antiholomorphic)
with respect to the complex structure I aˆ 12.
The components C2,1 and C1,2 come from the Bismut torsion Bµνλ. They are
13 C2,1 ∝ ∂ω,
C1,2 ∝ ∂¯ω, where ω = hjk¯dzj ∧ dz¯k¯. Hence ∂C2,1 = ∂¯C1,2 = 0. The components C3,0, C0,3 come
from H aˆµνλ . They are also ∂ (resp. ∂¯) exact, C3,0 ∝ ∂B, C0,3 ∝ ∂¯B¯ [11].
Then the l.h.s. of Eq. (1.17) is
ιdC = ι
(
∂¯C3,0 + ∂¯C2,1 + ∂C1,2 + ∂C0,3
)
= 2i
(
∂¯C3,0 − ∂C0,3
)
. (5.11)
The r.h.s. of Eq. (1.17) is
2i
3
(∂ + ∂¯)(3C3,0 + C2,1 − C1,2 − 3C0,3) = 2i
(
∂¯C3,0 − ∂C0,3
)
+
2i
3
(
∂¯C2,1 − ∂C1,2
)
. (5.12)
The last term in (5.12) vanishes, ∂¯∂ω − ∂¯∂ω = 0 . Thus the expressions (5.11) and (5.12)
coincide. This proves the validity of the condition (1.17) and, hence, our theorem.
The conditions of the Theorem just proven can thus serve as definitions of CKT (OKT)
manifold which look as a natural generalization of the definition of a HKT manifold given in
the Introduction. An HKT manifold is a manifold with 3 quaternionic complex structures for
which Bismut connections coincide. A CKT (OKT) manifold is a manifold with 3 (7) complex
structures for which Bismut connections as such do not coincide, but the total connections
involving the torsions (5.6), with the Bismut parts “completed” by extra components which are
∂–exact holomorphic and ∂¯–exact antiholomorphic with respect to each complex structure, do
coincide. This composite total connection satisfies basic conditions (1.13), (1.14) and (1.17) of
the CKT (OKT) geometry.
6 Examples
Let us consider a few particular cases of the model (4.11), (4.24).
6.1 S4 × S4
In this case,
G1 =
α1
(1 + β1xAxA)2
, G2 =
α2
(1 + β2yMyM)2
,
where α1,2, β1,2 are constants. The metric is produced by the superfield Lagrangian
L = α1
4(β1)2XAXA
[
1 + ln(1 + β1X
BXB)
]
− α2
4(β2)2Y MY M
[
1 + ln(1 + β2Y
KY K)
]
.
In this case all geometric characteristics (4.27)-(4.29), (4.30)-(4.32), (4.35)-(4.37) are sums of
terms originating from the two independent sectors. As a result, the system possesses two types
12Hereafter, for better readability, the index aˆ on Cp,q, etc, will be omitted.
13 See, e.g., Eq.(2.5) in Ref. [9].
26
of N = 4 supersymmetries. Besides the singlet supersymmetry generator
Q = Q(1) +Q(2) , (6.1)
Q(1) = χ
A
[
pA − α1β1i3(1+β1x·x)3 ǫABCD χBχCxD
]
, (6.2)
Q(2) = ψ
M
[
pM − α2β2i3(1+β2y·y)3 ǫMNKL ψNψKyL
]
, (6.3)
one can define two different triplet supersymmetry generators,
Sa = Qa(1) +Q
a
(2) (6.4)
and
Qa = Qa(1) −Qa(2) , (6.5)
where
Qa(1) = −χAηaABpB − α1β1i(1+β1x·x)3 χAηaABχB χCxC , (6.6)
Qa(2) = −ψMηaMNpN − α2β2i(1+β1y·y)3 ψMηaMNψN ψKyK . (6.7)
The generators (6.4) correspond to the HKT geometry whereas (6.5) to the CKT geometry.
Since two sectors completely decouple, this system is quite similar to that of two free (4, 4, 0)
multiplets considered earlier. To gain a less trivial example, it is necessary to allow G1 to depend
on yM and/or G2 to depend on x
A.
6.2 Non-trivial monopole-like case
Let us consider symmetric case with the Lagrangian
L = −X
AXA
8
(
α1 +
β1
Y MY M
)
+
Y MY M
8
(
α2 +
β2
XAXA
)
, (6.8)
where α1,2, β1,2 are constants. Then the metric functions are
G1 = α1 +
β1
yMyM
, G2 = α2 +
β2
xAxA
. (6.9)
The N = 4 supersymmetry generators read
Q = χApA + ψ
MpM +
i
4
CABMχ
AχBψM + i
4
CMNAψ
MψNχA , (6.10)
where
CABM =
(
ǫMABK + 2δM [AδB]K
) β1yK
(y · y)2 , CMNA =
(
ǫAMNB + 2δA[MδN ]B
) β2xA
(x · x)2 , (6.11)
and
Qa = −χAηaABpB + ψMηaMNpN (6.12)
− i
6
ηaAC(CCBM − 2ΩC,BM)χAχBψM + i6 ηaMK(CKNA − 2ΩK,NA)ψMψNχA ,
where
CABM = −δAB β1y
M
2(y · y)2 , CMNA = −δMN
β2x
A
2(x · x)2 . (6.13)
This case is non-trivial as there is a mixing of fermionic variables from different (4, 4, 0)
multiplets in the supercharges.
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6.3 Conformally flat OKT manifold
As the last example, we consider the system with N = 8 supersymmetry and OKT geometry.
The metric should obey the condition G1 = G2 = G , with G satisfying the eight-dimensional
harmonicity equation ∂µ∂µG = 0. The solution with the maximal O(8) symmetry is the con-
formally flat metric with [26]
G1 = G2 = α +
β
(xµxµ)3
, (6.14)
where α, β are constants. This metric can be derived from the superfield Lagrangian
L = α
8
(
Y MY M −XAXA)+ β
16XµXµ
(
1
Y MY M
− 1
XAXA
)
. (6.15)
Substituting
∂µG = −6βxµ(xνxν)−4
into (4.30)-(4.32), (4.35)-(4.37) and then into (4.42)-(4.43), (4.52)-(4.53), we obtain the explicit
expressions for the generators of N = 8 supersymmetry.
7 Summary and outlook
The bulk of this paper was devoted to a specific N = 4 SQM system formed by the two inter-
acting (4, 4, 0) supermultiplets. We have shown that in the case when both supermultiplets
are of the same nature, this system describes the HKT Dolbeault complex. On the other hand,
the system with two mutually mirror multiplets corresponds to CKT geometry. In a partic-
ular case with conformally flat harmonic 8-dimensional metric, the N = 4 supersymmetry is
enhanced to N = 8, yielding OKT geometry.
We have found the explicit expressions for the classical and quantum supercharges, and this
allowed us to make certain observations concerning the mathematical structure of generic CKT
and OKT complexes. Their new transparent definitions were given in Sect. 5. As was explained
there, the inherent feature of CKT and OKT geometries is the presence of holomorphic torsions.
We considered the system with only two (4, 4, 0) supermultiplets. Including more N = 4
supermultiplets, we would meet a richer situation. For example, let us consider four (4, 4, 0)
supermultiplets. When we consider them separately, the supercharges associated with each
multiplet are (Q(1), Q
a
(1)); (Q(2), Q
a
(2)); (Q(3), Q
a
(3)); (Q(4), Q
a
(4)). The interaction of these
multiplets can pick up one set of the supersymmetry generators from the following variants:
Sa = Qa(1) +Q
a
(2) +Q
a
(3) +Q
a
(4) ; (7.1)
Qa = Qa(1) +Q
a
(2) +Q
a
(3) −Qa(4) ; (7.2)
Qˆa = Qa(1) +Q
a
(2) −Qa(3) −Qa(4) . (7.3)
Supersymmetry with Sa corresponds to the HKT geometry, whereas both Qa and Qˆa are
pertinent to the CKT geometry. Probably, the supercharges Sa arise when all four multiplets
are of the same type, the supercharges Qa are relevant to a system of three ordinary and one
mirror multiplets and the supercharges Qˆa appear when one is playing with two ordinary and
two mirror multiplets. For some particular class of metrics, the latter system is actually OKT
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enjoying extended N = 8 supersymmetry. It would be interesting to check all this by explicit
calculations.
For HK [16] and HKT [32] systems, N = 4 supersymmetry is kept intact when gauge
fields of some particular form are added. To this end, the field strength tensors Fµν should
commute with all complex structures. This is true, e.g., for a 4D (anti)self-dual field [33]. It
would be interesting to study the possibility of incorporating gauge fields for the CKT and
OKT systems. As was mentioned in the Introduction, in the N = 2 superfield language adding
gauge fields corresponds to adding the Wess-Zumino terms (1.3) to the action. In the N = 4
superfield framework, it is possible [20, 34, 19] within the harmonic superspace description.
The simultaneous inclusion of the mutually mirror N = 4 supermultiplets would require the
bi-harmonic superspace approach [35].
It is also an open question which geometries are associated with the N = 4 and N = 8
SQM systems built on the basis of those N = 4 supermultiplets (including the mirror ones)
[27, 28, 29, 26, 38], which are different from the (4, 4, 0) multiplets exploited here.
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Appendix A. Some properties of the ‘t Hooft symbols
In this Appendix we present the definition of the ‘t Hooft symbols and the related identities
(for details, see [36, 37]).
The SO(4) sigma matrices σA, A = 1, 2, 3, 4 can be chosen in the form
σA = (σ1, σ2, σ3; σ4) = (~σ; i) , σ
†
A = (~σ;−i) , (A.1)
where ~σ are ordinary Pauli matrices. The matrices (A.1) satisfy the identities
σ†AσB = δAB + i η
a
AB σa , σAσ
†
B = δAB + i η¯
a
AB σa , (A.2)
where σa, a = 1, 2, 3 are Pauli matrices and
ηaBC = −ηaCB =
{
ǫaBC B,C = 1, 2, 3 ,
δaB C = 4 ,
(A.3)
η¯aBC = −η¯aCB =
{
ǫaBC B,C = 1, 2, 3 ,
−δaB C = 4 , (A.4)
are the ‘t Hooft symbols. They satisfy the following identities
ηaABη
b
AC = δ
abδBC + ǫ
abcηcBC , (A.5)
ηaABη
a
CD = δACδBD − δADδBC + ǫABCD , (A.6)
ǫabcηbABη
c
CD = δACη
a
BD + δBDη
a
AC − δADηaBC − δBCηaAD , (A.7)
ǫBCDEη
a
AE = δABη
a
CD − δACηaBD + δADηaBC , (A.8)
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where summations over repeated indices are assumed. The analogical identities are valid for
η¯aAB , except for (A.6), (A.8), which are modified for η¯
a
AB as
η¯aAB η¯
a
CD = δACδBD − δADδBC − ǫABCD , (A.9)
ǫBCDE η¯
a
AE = −δAB η¯aCD + δAC η¯aBD − δADη¯aBC . (A.10)
Some corollaries of the relations (A.8), (A.10) are
ǫABCDη
a
CD = 2 η
a
AB , ǫABCDη¯
a
CD = −2 η¯aAB . (A.11)
Finally, we note the important relations between η and η¯:
ηaC[Aη¯
b
B]C = 0 , η
a
ABη¯
b
AB = 0 . (A.12)
Appendix B. Mirror multiplet: alternative conventions
Let us change the order of indices and define the superfield Y α
′i′(t, θ) subject to the constraints
Dk(i
′
Y α
′j′) = 0 , (B.1)
The solution to these constraints is
Y α
′i′ = yα
′i′ − ψα′k θki
′ − iy˙α′j′θj′kθki′ + i3 ψ˙α
′
j θ
jk′θk′kθ
ki′ + 1
12
y¨α
′i′ θkk
′
θk′jθ
jj′θj′k . (B.2)
This differs from (2.41) by a more smooth flow of indices, which facilitates the conversion to
vector notations. To this end, it is natural to stick, instead of (2.51) – (2.54), to the definitions
yi′α′ =
1√
2
yM(σM )i′α′ , y
α′i′ = − 1√
2
yM(σ†M )
α′i′ , (B.3)
Y α
′i′ = − 1√
2
Y M(σ†M)
α′i′ , ∂α
′i′ = 1√
2
∂M (σ
M†)α
′i′ , ψα
′i = − 1√
2
Y M(σ†M)
α′i , (B.4)
etc.
Then the vector superfield Y M is expressed in the form analogous to (2.21), with η replaced
by η¯,
Y M = yM − i
2
η¯aNP θ
NθP η¯aMQy˙
Q − 1
24
ǫNPQSθ
NθP θQθS y¨M + fermion terms . (B.5)
The constraints (B.1) imply, in particular, η¯aMNDMY
N = 0 .
By the same token as in (2.62), (2.63), one can define the HKT supercharges with the
complex structures
(Ia)M
N = η¯aMN . (B.6)
In fact, the structures (B.6) are obtained from the structures (2.64) by the conjugation, I →
ΩIΩ , with Ω = diag(1, 1, 1,−1). This corresponds to changing the sign of x4.
For some purposes, the representation (B.2) is more convenient than (2.41). For example,
the proof of the absence of mixed kinetic terms in the component Lagrangian for two interacting
mutually mirror multiplets is obtained at almost no price. Let us use the representations (2.21)
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and (B.5) for XA and Y M . Mixed bosonic kinetic terms in (4.10) could be generated by the
structure
∼ ∂L
∂XA∂Y M
ηaBCθ
BθCηaADx˙
Dη¯bNP θ
NθP η¯bMQy˙
Q , (B.7)
which is, however, vanishing due to (A.11) and (A.12). Another potential source,
∼ ∂L
∂XA
θ4x¨A − ∂L
∂Y M
θ4y¨M , (B.8)
also contributes zero due to the opposite signs of the last terms in (2.21) and (B.5).
New conventions for the mirror multiplet imply the following form of the 8-dimensional
CKT complex structures,
Ia =
( −ηaAB 0
0 η¯aMN
)
. (B.9)
A disadvantage of such conventions is that the OKT structure in a flat 8-dimensional space,
or in a conformally flat 8-dimensional manifold with harmonic conformal factor, becomes less
explicit. The four extra supercharges can still be expressed in the form (4.52), (4.53) with the
complex structures
I˜ =
(
0 −Ω
Ω 0
)
, I˜p =
(
0 η¯pΩ
Ωη¯p 0
)
, (B.10)
where Ω was defined above. They are obtained from (3.14) by conjugation with the matrix
∼ diag(1,Ω). The set (B.9) and (B.10) satisfies the D = 8 Clifford algebra. The representation
(3.14) looks more elegant compared to (B.10), and this determined our choice of the conventions
in the main text.
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